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Abstract 

A "reduced" differential geometry adapted to the presence of abelian isometries is 
constructed. Classical T-duality diagonalizes in this setting, allowing us to get con- 
veniently the transformation of the relevant geometrical objects such as connections, 
pullbacks and generalized curvatures. Moreover we can induce privileged maps from the 
viewpoint of covariant derivatives in the target-space and in the world-sheet generaliz- 
ing previous results, at the same time that we can correct connections and curvatures 
covariantly in order to have a proper transformation under T-duality. 
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1 Introduction 



T-duality is a fundamental tool in the understanding of the fashionable string dualities [|TJ. 
The elementary statement of the T-duality establishes that the perturbative spectrum of 
a string theory with a dimension compactified on a circle of radius R, is equivalent to the 
one compactified in a circle of radius 1/-R, provided we interchange winding and momentum 
quantum numbers at the same time that we transform the string coupling constant || [TO]] . If 
we allow the presence of a generic geometry (metric G^ v , torsion potential and dilaton $) 
having an abelian Killing vector in the compactified direction X°, the backgrounds resulting 
to be 1-loop (conformally) equivalent are given by the Buscher's formulas @: 

^00 — 1/^00 

Goi = Boi/ Goo Bqi = Goi/ Gqq 
Gij = Gij — (GoiGoj — B 0i B j)/GoQ 
Bij = Bij — (GoiBoj — BoiGoj)/Goo 

$ = $-|lnGoo (1) 

In recent years a non-perturbative usage of T-duality has been made in the context of open 
strings playing with the map of the Neumann-Dirichlet boundary conditions. The promotion 
of the hypersurfaces in which strings rest their endpoints to be dynamical extended objects 
called Dirichlet-branes, allow their identification with the carriers of the RR-charges required 
by the string duality at the same time that it makes doubtful the name of "string theory" 
for the resulting scenario ||. |J . 

Many features of this topic of T-duality have been developed extensively in the literature 
(0) H> 0> HD- Despite that important effort, it seems to be a lack of a systematic study of 
the mapping between geometries for the stringy (1-loop) equivalent space-times. This gap is 
related with the nature of the non-linear map ([!]) which highly complicates the calculations 
for the transformation of geometrical objects such as the generalized connection and its 
curvature, privileged maps for the covariant derivatives and pullbacks, and many others. 

In order to clarify all these points it is presented a sort of "parallel differential geometry" 
that we will call " Reduced Geometry" , having the property of being adapted to the presence 
of abelian Killing vectors (in fact it is only defined in that context). We will see how T-duality 
transformations diagonalize in this setting for the main geometrical objects, including the 
generalized curvature ; for the later, we found for the first time its complete transformation, 
which can be expressed in a covariant way in terms of itself and of the Killing vector. 

Moreover, a "canonical" T-duality transformation is constructed for arbitrary tensors 
with the property of transforming linearly the covariant derivatives calculated from the 
generalized connections. These results unify and generalize the map obtained for the p- 
forms in ||, and it includes the fundamental one of the complex structures for holomorphic 
Killing vectors 0. 

We can extend the result giving above to the "canonical" T-duality transformation of 
maps from the world-sheet to the tangent space of our target-space manifold. The clasical 
string dynamics will be the most representative example of this "canonical" map. 
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In section 2 we define and describe the construction of the "reduced geometry" giving 
the basic map relating "usual" and "reduced" objects (generic tensors, connections and 
curvatures). In section 3 we get the "canonical" T-duality map, relating linearly covariant 
derivatives, and a "non-canonical" one relating linearly "covariant divergences". In section 
4 we obtain the "canonical" map for the classical world-sheet dynamics. Section 5 shows 
the generalized curvatures' transformation and the minimal correction for them to transform 
linearly under T-duality. As a straightforward outcome I rederive the 1-loop beta function's 
transformation. In section 6 we found a "canonical" covariant derivative commuting with 
the "canonical" T-duality transformation. It is used to get a set of new T-duality scalars. 
In the Apendix we summarize the basic formulas. 



2 Reduced Differential Geometry 

In this section will be built a parallel tensor calculus for manifolds with an structure endowed 
with abelian Killing vectors. The main objective is to exploit the presence of these Killings 
in order to get a strongly simplified structure that I will call the Reduced Geometry. As we 
will see, that structure is nicely adapted to T-duality. 

Let us assume the existence of a set of n commuting vector fields {K%} with {//, v = 
0, 1, D — 1}, {a, b = 1, n} and D the dimension of the manifold M. 

We restrict our attention to the space Q of tensors V in M satisfying 

c ka v = (2) 

that means simply that we can choose coordinates {x\ x a } with i = n,...,D — 1 , called 
adapted coordinates, in which V does not depend on x a , ie., d a V = 0. 

The covariant differentiation is not a mapping in Q, or in other words, its commutator 
with the Lie derivative is in general non vanishing : 

m I 

[A. , v P \v%::z = - E(A.v)* v + £(A.v)*i^« (3) 

s=l r=l 

where I have defined 

(£ fco V)^ = K^R^ + V^vK + 2V,(TO (4) 

being B? the curvature for the connection T s x/3 and the corresponding torsion. It can 
be checked that (|j) reduces to the desired d a Y^ u in adapted coordinates. 

If we are interested in connections preserving the condition (0), we must impose 

A a V = (5) 

Then, I have established our framework throught the conditions @) and Moreover I 
assume the choice of adapted coordinates to the Killings. There is a freedom for that choice 
that is reflected in the existence of a subset of diffeomorphisms (adapted diffeomorphisms) 

2 the conventions for the curvature can be found in the Apendix 
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relating the different possibilities. Modulo arbitrary changes in the x l transverse coordinates, 
the relevant adapted ones are 



x a = x a + A a (x j ) (6) 
Tensors in O transforms linearly under this change as is expected 

vVfcX! = JmZ^^ v ^)^L (7) 

where I define 

l m 

jwzxxa = n j% («A) n j »: c-«a) (8) 

r=X s=l 

J£(dA) = 5S + 6Zd i A a Si (9) 

Using a short notation 

= J(<9A)V (10) 

Because the abelian nature of the diffeomorphism, J provides a representation of U(l) n in the 
vector space of tensors of the same rank than V satisfying (0); in particular, J(dAi) J(dA 2 ) = 
J(d(A 1 +A 2 )) and J(0) = 1 implying J~\dA) = J(-dA). 

In the cases we are interested, it is natural to find a set of "transverse" gauge fields 
{A$(xi)} transforming under the adapted diffeomorphism as 

A'f(x j ) = A^(x j ) - diA a (x j ) (11) 
Now I can define the "reduced tensor" v associated to V 

v = J(A)V (12) 
which has the property of being invariant under the adapted diffeomorphism (|6|) . 

v' = J(A-dA)J(dA)V = v (13) 

It makes sense to think about reduced tensors as the ones in a D-dimensional manifold 
with a dimension locally shrunk to a point. They keep their indices corresponding to the 
colapsed dimension, which are inert to the adapted diffeomorphismes, but they are sensitive 
to other transformations, as we will see in the T-duality case. 

Looking at the explicit form of the matrix J, it is clear that the operation giving "reduced 
tensors" commutes with linear combinations, tensor products, contraction and permutation 
of indices. 

Before following with this logic development let us see the most significant example. If 
we have a Riemmanian manifold with n commuting Killings 



n ( G a b A 



V Am Gij + Ai C AjdG cd 
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£k a G» v = (14) 

where G ab is the inverse matrix of G a b- It is well known that the desired "transverse" gauge 
fields are 

A«{x j ) = G ab A u {x j ) (15) 

Using the convention of writing the usual tensors in capital letters and the reduced ones in 
small letters, the reduced metric takes the simple form: 

9iw = 

If we keep ourselves with the conditions (fj) and (§J), we can repeat the arguments given 
above and conclude there exists the corresponding reduced covariant derivative 0: 

Vv = J(A)VV (16) 

Taking account the explicit expression for J in every tensor representation, we can read 
off the reduced connection 7 []: 

1% = J{-A)«J{-AtJ{Ay 5 {T s aP - d a J{A)l) (17) 

In an arbitrary choice of the "transverse" gauge field A^ the resulting reduced connection 
could not have any advantage, but with a "natural" choice, ie., (|i5|) in a Riemmanian mani- 
fold, it is a very simplified version of the usual one. As the most significant example I will 
write the reduced connection for the Levi-Civita connection for the metric in (14) 

lib = 0; lib = -\d l G ab 

-y b = -A = ln bc d-G ■ "y fc - = f h - 

ha I at 2 u %^cai hj L tj 

l)a = 1\, = \GabF{A)f- >y* = -\f{A)% (18) 

where hatted objects are the ones calculated with the quotient metric fj and F(A)fj = 
diA a - — djA a { is the field strength of the gauge fields. The usual Levi-Civita connection 
for this case is written in the Apendix and the comparison shows the great advantage of 
using the reduced one. In the case of an arbitrary covariant derivation, we can get the 
corresponding reduced connection adding the reduced tensor of the additional one to the 
Levi-Civita connection QT7|). 

Despite its simplicity, even in the simplest case, the reduced connection fllTf ) has a very 
rich structure because the presence of torsion at the same time that a non-Levi-Civita sym- 
metric part, both restricted by the necessary covariantly constancy of the reduced metric. 



3 the reduced covariant derivative is denoted by V too. The distinction is made looking over what kind of 
tensor acts. 

4 details in the Apendix 

= ; f* = \G kl {d t G l3 + djd a - dAj) 
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With the definition giving above of reduced covariant derivative the operation that gives 
the reduced tensors commutes with the basic operations of the tensor calculus: linear com- 
bination, tensor product, contraction, permutation of indices and covariant derivation. That 
feature together with its simplicity is the reason to call the whole setting the "reduced 
geometry" . 

The generic presence of torsion is the responsible for a little subtlety in calculating the 
reduced curvature. To see that, let us start with the Riemann-Christoffel curvature. Due to 
the commutation of reduced covariant differentiation with the reduced mapping, we should 
write: 

[v„, v v \w p = Jffi{A)\y x , v,K (19) 

for an arbitrary one-form W belonging to Q, and its reduced version w. 

Substituing commutators in both sides and taking account the presence of torsion in the 
second one, we get : 

R^L-cY^Wa = J^;(A)(R(^ c )l^w v + 2r( 7 z-c)LV^ 7r ) (20) 



I denote 7;_ c the reduced Levi-Civita connection ( |18|) , T(7;_ c ) the associated torsion and 
Tl_c the Levi-Civita connection. At first glance it seems to exist an obstruction to identify 
the reduced curvature by the presence of the torsion term. The little paradox solves realizing 
the only non vanishing torsion is 7^ flT8) and therefore that contribution does not contain 



derivatives of w (because d a w = 0) and can be added to the standart curvature. The resulting 
reduced curvature is : 

(n- e )3*r = R(li-c)l, ~ 2T(7- c )^(7-c)L (21) 
In the general case we can write the connection as F = Tl_q + H. Using the formula 



R(T + Q% vu = R(T)^ + 
V M Q£ CT - V V Q^ - Q« a Q? a + Q^QP a + 7T{T)^„ (22) 

being V M the covariant derivative calculated from the generic V connection and T(T) 
the associated torsion, and using the properties of the reduced map, we get for the reduced 
curvature : 



r 



1 

XStt 



R(j^ c + h)\ 5 , - 2r( 7i _ c )X,(7i_ e + Kfl (23) 
where is the reduced tensor corresponding to H?. 

In the present work we are interested in the basic U(l) duality. There, the reduced metric 

(G 00 \ 
^ I dj 

has the additional advantage of having almost a trivial transformation under T-duality 

(S); 



9»u 



Goo A 

dj 
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It is not relevant here to make an exhaustive catalogue of the reduced geometry. The 
reduced exterior differentiation and the reduced Lie-derivative mapping can be obtained 
writing them in terms of covariant derivatives (for example with the Levi-Civita connection); 
in such a way the reduced expression is manifest across (0) and coincides with the usual 
one except for the presence of torsion in the reduced Levi-Civita connection. The case of the 
differential of a two-form, which is relevant to the U(l) T-duality calculations is done. 

Given a two-form B, its exterior differential, can be written in terms of the covariant one 
calculated with the Levi-Civita connection as 

H^ p = ^(V^p + V„B PI1 + V p B^) (24) 
In those terms, the reduced H, i.e. h, is 

h^up = |(V^„ P + S7 u b m + V p b^) = 
|(<9Ap + dAv + 9 P b,u) - r( T ,_ c )^6o p - T(7^ c )° p 6o M - T( 7z _ c )^ , (25) 

As we see the expression of the reduced version in terms of ordinary derivatives gives 
an additional term due to the presence of torsion in the reduced connection. Despite this 
apparent setback the reduced H has again nice properties from the T-duality point of view: 

h 0ij = -\F{b) i5 (26) 

h%jk hijk (27) 

where F(b)ij = F(B k = &ofc = Gok/Goo = -<4fc)yQ- I label the ijk component with a hat 
because it is T-duality selfdual: 

h 0ij = -\F{g) l3 (28) 
hijk hijk (29) 

where F(g) ij = F(A k = G k/G 00 ). 

The main purpose of the remainig sections is to exploit the power of the reduced frame- 
work in its application for the study of the classical geometry of the T-duality mapping. 



3 Generalized T-Duality Mapping 

The natural connections defined in the context of T-duality are r , with their reduced 
partners 

G k ]k = \(d l b ]k +dJ> l] +dfb kl ) + \(F{g) lJ B ak +F{b)^ 
and bij = By — (Goi-Boj — GajBoi)/%Goo is the T-duality invariant by = by transverse torsion potential. 
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r% = r(L-C)>±H> (so) 



[IV \ / [IV fit; 

liS = 7(1 - c)% ± h%, (31) 



where the torsion H^ va = HP„G pcT is as in (^).The explicit expressions for the reduced 
connection are gratefully simplified []: 



70*0° = 

00 



j±* = -\&G 



7fo = 7o1 = ^lnG 00 



^ ±k = r k - ± h k - 

In ii ii 



^= 1 1 (G 00 F(g)/ T F(b);) 
ifj = ±(G 00 F(g)/±F(b)/) 
7S° = -|(^±G 00 1 F(6),,) (32) 

Now it is easy to read off their T-duality transformation, that results to be diagonal: 



7o5* _ ((5^) 2 7i» l 
~±o _ ~±o _ .±o 

Ii0 — !0i — Ii0 
70j - +G o 7 °i 
7j0 - ^Goo^' 



7±° = ±G o7j° 



lti k = lti k (33) 



Except for the 7 i0 ° component, we can arrange it in the way 

7?=(-l)" , (±Goo) (B °- Jno) 7Sf (34) 

where I define go = 1 if the \x index is contravariant, <7 = — 1 if it is covariant and g>j = 
in both cases; Moreover (n° — no) in front of an object (connection or tensor's component) 
with indices a, means XlaPaQ The 7 i0 ° component transforms flipping the sign with respect 
to (p4|), which will be relevant in what follows. 

It will be important too, to notice 7^° acts as a connection for (^)-type transformations 
: let the generic T-duality transformation in the reduced setting ± = (iGoo^ 6 *©^ for a 
given function ± (X- ? ), there is a natural covariant derivative : 

i% = h l3l G lk 

8 I call it n° — no because it reduces to the number of contravariant components being zero minus the 
number of zero covariant ones. 
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d i e ± = (d i + A e ±^°)e ± (35) 

transforming as the ± itself f\ 

J l e ± = (±G 00 ) Ae± ^e ± (36) 

The simplicity of the reduced connection's transformation allow us to realize there is 
a diagonal T-duality transformation of reduced tensors that maps (again diagonally in the 
reduced setting) the usual (target-space) covariant derivatives. To see this, let us write 
them in terms of the fl3"5| ) : 



r7± m,...,m _ r_ ±CT Ml,...,^ i ±fJ.r ai-l,..,<t,..,m\ 

V U u 1 ,...,u m — X 2^l0u s u ^ 1 ,..,a,..,u m ^2^'0a u Vl ,...,v m J 
s=l r=l 

m I 

y± mi>->W _ J,/. 7 ,Mi>->« _ V"* ^± ff „fi,-,W _|_ V ^ v ± ^ 7 ,A t i.--,o',.-,W _ 
v i u v\,...,v m \ u "i- u u 1 ,...,u m Z_^i liu s u u 1 ,..,a,..,u m ' Ha u ui,...,u m 

s=l/u s ^0 r =i/ Mr .^o 

m I 

\ ' ^±i 7 ,Ml,-,W i \ " ±0 Ml,",ir-,«\ _L 

'«0 l Vi,..,j,..,i' m 1 Z_^i hj u ui,...,v m J 1 

s=l/v s =0 r=l/fj, r =0 

((" c ™°) - ^:;;^)7^HV;X ( 37 ) 

The last term in d37|) transforms with an undesired —1 with respect to the dominant d{V, 
fixing the weight A/i,-.ci = (n° — n ). Therefore the reduced transformation is 

= (±G 00 Y n °- n Ml;:::;Z ( 38 ) 

giving the linear map for the covariant derivatives under T-duality Q 

Vj^X w = (-l) 9 "(±G o) (n °- no) Vj<;:X (39) 

Before writing the transformations in the usual (non- reduced) setting, I express them in 
a compressed notation as 



^(Goo)^ (40) 
V ± i) ± = J D±(G 00 )V ± t; (41) 

D-t- and /}y being diagonal matrices in every tensor representation. 
Inverting ( |12"D for v and taking account Aj = G 0i /G 00 and Aj = S j we get for 
and V ± V A± : 

V± = J(-B 0t )D ± (G 00 )J(G 0l /Goo)V (42) 
= J( -B 0t )D^(G 00 )J(G 0l /G 00 )V ± V (43) 

9 Moreover di satisfies the Leibniz's rule di(A * B) = (dj-A) * .B + A * (dj-B) and the "covariant constancy" 
of G 00 , i-e., diG Q = 0. 

10 It must be stressed, to do not overcarry the notation, I always write n° — no, but in every case its value 
is given by the tensor's (connection's) component in front of it in the way described above. 
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Because J, D± and factorise, the T-duality mapping does too and can be written in 
terms of the matrices T ± and T± defined below as: 



i 



v&xT = (II t^JOI Tt a )vt::t ( 44 ) 

r=l s=l 
I m 

vJt^X" = t p tA (I1 zSO(II Tt a Mv£;:::;t (45) 



r=l s=l 



with 



- i-i 



T ±--{ Sj ) 

where v is the column index and \i is the row index. These matrices T± and T^, intro- 
duced by Hassan to the study of the T-duality of the extended supersymmetry 0, can be 
thought as a sort of "vielvein" relating indices of the initial and dual geometries. In what 
follows I will call (f44l) T-duality canonical transformation for the tensor V. Let us note (|45D 
is not canonical. This anomaly is the responsible for the generalized curvatures of original 
and dual geometries do not transform simply changing indices with the vielveins. We 
will see it in detail in the last section. 

It must be stressed there are other tensors whose T-duality transformation is not as 
in (pHf); the most appealing cases are the torsion potential B^ u and its field strength, the 
torsion B a ^ j?| . It seems the natural place for the torsion is taking part of the generalized 
connection; then from ((44)fl45D or (|33| ) we can extract the whole transformation to be : 



fjf = T^T^n a T%- + (d,T^)T^ (46) 

For tensors covariantly constant with respect to one of both derivatives V^, the T- 
duality mapping is enforced to be given by (f44|). This is the case of the metric itself because 
V^G = V^G = 0. If we have in the manifold two covariantly constant p-forms satisfying 
V^A^ 1 = 0, there is a W-algebra in the underlying string sigma-model.QAnother dual W- 
algebra is present in the dual string theory provided the p-forms transforms as in ([44]) || : 

A ± - + 1 A ± 

^ L 0ii...r p -i n Oil. -ip-i 

4± - 4± i V' (jjpjj ~ 9ois) A (A7 s 
A h...i p - A h...i v + 2^ n A h-o..i p 

If we have another Killing (non necessarily commuting with the one used to T- 
dualize) giving rise to a chiral current, it holds |J V^K^ = (+ for an holomorphic 

11 That includes the mapping of complex structures , although it requires the additional vanishing of the 
Nijenhuis tensor M 
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current and — for an antiholomorphic one). The T-duality canonical transformation of 
gives another dual Killing vector with chiral current. 

Instead of the privileged T-duality mapping for the generalized covariant derivative, we 
could be interested in the one for the "generalized divergence" V^Q±^ 1 1 ',...^L- Again the 
study is very simplified in the reduced framework. 

After determining the T-duality weight of q± l 1 ^".'.'. l v m following the same procedure as in 
the covariant derivatives' map, the required mapping results to be : 



q^\:::$L = (-i)M±Goo) ( "°^ + M^ 

v^;:.;^ = (±G o) (n0 - no) ' +1 v^^ :; ^ (48) 

We have learned to read it in the common language as (K 2 = K^K^) 

Q±^;:S l m = ^ 2 ^p(nLi^>j(nr=i^-)«::;^ 
vtQfcO, = k\uU TSJOELi Tt a a ^Q p a t:£ (49) 

This section shows how elementary geometrical objects transforms under T-duality de- 
pending on their defining properties : covariantly constant tensors transforms canonically 
(44), i.e., changing indices with the "vielbeins" T± and T ± ; " divergenceless" tensors do it 
under fl49|) changing the index corresponding with the diveregence with T T instead of T± ; 



the generalized connection transforms as a true connection ( f46| ) with respect to the T-duality 
canonical transformation with the only peculiarity of using T T instead of T± in the index 
corresponding to the derivation. This anomaly propagates to the T-duality transformation 
of every index associated to derivation as we have seen in (]44D fl4"9|) , and finally it will be 
the responsible for the inhomogeneus transformation of the generalized curvature, as we will 
show in the fifth section. 



4 T-Duality Classical Dynamics 

In addition to the D-dimensional manifold M representing the target space-time, in the con- 
text of strings we have a two dimensional world embedded in it, the world-sheet E, identified 
with the dinamical string 0- At tree-level in the string dinamics E has the topology of the 
sphere. Choosing light-cone real coordinates a , the covariant world-sheet derivatives for 
mappings Y(a + , a _ )between E and the tangent space of our manifold M in X' 1 (a + , a _ )are: 

V± = d± + r ± (50) 
being the pull-back in terms of the string's embedding X M (cr + , <j~) 

T p ±ll = d ± X a T^ (51) 
Extending the definition (O) to the Y mappings 



I omit here p-branes, D-branes and any other kind of stringy extended objects. 
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y(a + , a') = J(A(X(a+, tT~)))Y{a + , a~) (52) 

where y is the reduced mapping. With that definition we can proof the reduced partner 
of the pull-back is 

7 ^ = (<9 ± *)M; (53) 
where I call {d ± xf = J(Af v d ± X u following 

In the reduced framework it is easy to convince ourselves that the only T-dual change 
for (d±x) that transforms the pull-back diagonally is nothing just the one responsible for the 
Buscher 's formulas : 

d±X» = T£ v d±X v (54) 
being the reduced pullback transformation 



7± o — 7± o 

f ± , = TGoo7^ i 

~i 1 i 

7± o = Ty^l± o 

^00 

n&j = 7$-y±j ( 55 ) 

which again can be summarized 

7± M = (TGoo) (n °- no) 7±, (56) 

except for the 7± , in which there is a flip of sign allowing the T-duality covariantization 
(|35|) of the world-sheet covariant derivatives. 

It is worthwhile to mention (Q) implies if M V+V_A^ = i\~ M V_ V + X M = < — ► ^V+V_X^ 
fT M V_V+X M = 0, which is automatically valid for the classical string (it is the current con- 
servation corresponding to the isometry). 

Again the simplicity of fl5"5| ) allow us to build the diagonal mapping for any Y(a + ,a— ) 
mapping : 

r (^ + , ° = (TG o) (n °-" o) y(a + , a ( 5 ?) 

with the property of transforming linearly the covariant derivatives V±: 

V ± y(a\ a-)l^> = (T^oo)^^ V±y(° + , (58) 



13 I write the reduced dX^ between parentheses to specify that in general it is not the partial derivative 
of anything. Only when the pull-back of F(A)ij vanishes x M can be identified with a sort of U(l) invariant 
embedding coordinates. 

14 The intermediate tool is now the analogue to ( |35| ) in the world-sheet, i.e., d±Q(a + , a~) = (d± + 
Ae75- )O(cr + , cr _ ), transforming as O with weight Ae under T-duality. 
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In the usual setting (pi\) and flog) can be written with the help of the preceding work 
D © and (HD © as 



r=l s=l 
£ m 

%Y^f l = (II ^)(I1 ^ Qs )V T Fi;v.;; : t (59) 

r=l s=l 

9|) allow us to extract the pull-back's T-duality transformation in the common language: 

f P ±M = T^T^Ti, + (d ± T^)T^ (60) 

The most relevant example of this mapping is provided by the d±X 11 for which holds 
V±d T X^ = T^V ±d T X u , giving the classical stringy equivalence between the two different 
geometries. 

5 Generalized Curvature's Transformation 

Defining as usual the generalized curvature as R puap = RiT^^G \ p which has the symmetry 
properties R± vap = -R% ap = ~R pupa , R% pa = R^ u and taking account the generalized 
connection's transformation fl3~3|) we get the dual generalized curvature in the reduced 
framework : 



1 i 1 

l^OOj ^0" 



r 00 

1 



<J"00 

?tjko = ±7T-(^feo + <9 fc Goo7 ; 



00 

r%u= rJ H -2Goo7j°7S° (61) 

We can convince ourselves the inhomogeneus part of the transformation can be writen 
in terms of the Killing vector, giving the compact result : 

r%. P = (-l) {9 ^\±G o)- no (r% (Tp - pVjAfcV**,) (62) 



where K 2 = k 2 = K P K^ = Goo- In the usual setting the transformation (|62| ) reads Q 

R%a P = T* a T?PT± s Tf\R% Sv - -^ViKpVjKj (63) 



15 See Apendix for explicit formulas 

16 V^fc„ only has antisymmetric part due to the Killing condition. 
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It is important to note that the inhomogeneus part of the transformation only depends 
on the transverse components Go^,B Qi and their first skew-symmetric derivatives. 

When an object transforms inhomogeneusly, say f = ±(Goo) A (V + VO > the involution 
property of the T-duality transformation T 2 = 1 fixes the ip transformation to be ip — 
T(Goo) A ip, allowing to create the homogeneus w = r + ^tp i.e., w = ±(Goo) A w. Specifically, 
it means 

j^J±K v V*K p = - Tf^Tf'Tf^jpVtKpVfKJ (64) 

and therefore we can create the "corrected " generalized curvature Wr^ ap transforming 
linearly under T-duality : 



W± ap = R% ap - ^V±K U V*K P 

W± ap = T^TT?T± & T^W% Sri (65) 

At this point is for free the rederivation of the generalized Ricci-tensor's transformation 
giving the need of a non-trivial dilaton change under T-duality in order to guarantee the 
one-loop conformal invariance of the dual string sigma- model ||. 

We get the dual- reduced- Ricci-tensor from (^) r pu : 

r% = (-l)^(±G 00 )- no (ri - VjV±lnG 00 ) (66) 

It is well known the sigma-model coupling between the two- dimensional curvature and 
an scalar field called dilaton, $, it is enough to ensure the vanishing of the dual one-loop 
beta function, provided the former transforms under T-duality as 

$ = $-ilnGr 00 (67) 

In other words, the tensor representing the one-loop beta function for the string sigma- 
model (bosonic and supersymmetric) [|IT|,ie, = R pL/ — 2V^V^$, transforms linearly 
under T-duality as can be read off from ( |66D and (|67|) : 

Pt„ = T^T^(3± x (68) 

Therefore the vanishing of (3^ implies the one for f3 pi/ and vice versa. Following this 
approach, the dilaton one-loop beta function can be obtained trying to complete minimally 
the generalized scalar curvature in order to get a T-duality scalar ; the transformation 
for R ± = r± results to be © © : 

R± = r ~± = i?± - 2V ±i ^lnG o + 2-^^ (69) 

^oo 

and the desired T-duality scalar is 

0* = R± + 4((<9$) 2 - (V ± ) 2 $) - -H 2 (70) 

3 

where we define H 2 g = H aup H a Vp . Modulo a constant term it coincides with the one-loop 



dilaton beta-function [IT|. 
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6 Canonical Connection and Curvature 



The anomalous transformation of the index corresponding with first covariant derivations 
propagates in an annoying way to objects constructed from higher derivations, such as the 
generalized curvatures and the one-loop beta functions. In other words, the covariant deriva- 
tion V does not commute with the canonical map defined in (|4*4]). 

Looking at the generalized connections' transformation ([33|) we notice there is a minimal 
covariant subtraction giving a connection, the canonical connection, which commutes with 
the canonical T-duality: 



L iw — L jw K 2 P v v 

= T± x T^n a T%« + (d,T^)T^ (71) 

Because the anomaly mentioned above is located in the 7^ CT components, the whole effect 
of the subtraction is to cancel against them, giving 7^/ = and 7it P = 7^ pl7 .This fact 
allows the commutation between and the canonical T-duality map : 



Y±Hl,...,fJ,l _ (TJ rpPr TT rp±Cls\yPl,...,Pl 

r ui,...,u m 111 - L ±/3 r 11 ^Ug l v ai,...,a m 

r=l s=l 

_j_ I m 

V p V^!.luf l = Tf A (I1 T ±(3 r )(U Tt^xValZ't (72) 

r=l s=l 

Another consecuence is = implying R^ uap = 0. Even more, the new connection is 
compatible with the metric provided that is a Killing vector. 

In a certain sense the barred connection seems to be the most natural associated to the 
presence of a Killing. If we think the Killing as a vector field indicating the direction in which 
nothing changes, we would expect the parallel transport is really insensitive to displacements 
in that direction. This happens with the canonical connection but no with the Levi-Civita 
(or its torsionfull generalizations) one. 

The commutation with the canonical T-duality implies that the curvature for V trans- 
forms canonically (the same as the Ricci tensor and the scalar curvature). 

f>^~ T'i Otrp± (3rp± 8rp± rj p± (7'1\ 

I will list five independent T-duality scalars 



h = R ± - (V±) 2 \nK 2 - ^H^K-KP 
h = H 2 - ^Hi p K a KP 

17 These conditions guarantee that if a tensor is covariantly constant with respect to it does too with 
respect to V^.The converse is in general not true. Therefore the metric commutes with 
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j _ (dK 2 \2 
*5 - \ ~kT ) 



(74) 



built with the help of R and being V M the Levi-Civita covariant derivation. In particular, 
= h =F 2/ 4 . 

Finally, with this covariant derivation, the T-duality canonical map commutes with the 
basic geometrical operations: linear combinations, tensor products, permutation of indices, 
contractions and covariant derivations. 

7 Conclusions 

This work shows how the reduced geometry is a privileged framework to the study of the 
T-duality's geometry and possibly of many other different issues related with the abelian 
Killing vectors. 

The T-duality transformation diagonalizes in the reduced setting, allowing us to get in 
a straightforward way results pursued since a long time, such as the generalized curvatures' 
map, the canonical map for the covariant derivatives in the target-space and in the world- 
sheet, the minimal correction to connections and curvatures in order to transform linearly and 
T-duality scalars. The introduction of the dilaton can be seen as the minimal modification 
needed to map the 1-loop beta-functions preserving conformal invariance, but from the 
geometrical view, the dilaton is completely insufficient to build in a systematic way T- 
duality tensors (i.e., tensors transforming canonically under T-duality). The object serving 
to "covariantize" under T-duality is the Killing vector itself across the canonical connection, 
as it was shown in the last section. In connection to that, new T-duality scalars have been 
found without the help of the dilaton. 

Future work could be the higher-loop corrections to the Buscher's formulas , the map 
for the invariants characterizing the geometry and the topology of the manifold, the global 
questions in the reduced setting, the non-abelian generalizations of this procedure, and the 
deeper study of the geometry of the canonical connection and its relation with the string 
sigma model. 
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A Apendix : The reduced connection and Riemaniann 
curvature 

In order to have the opportunity of getting an idea about the operativity of the reduced 
framework, I show here the usual Levi-Civita connection for the generic metric with n- 
commuting Killing vector fields : 
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G 



G a b A Q 



\ Ga + Aj iC AjdG cd 



r bc — \A a id % G hc 

pi 1 

1 ab — 2 U ^ ab 

Fii = F J ia = \{G a bFi j - A b d j G ab ) 
TL = It = ±{G bc d t G ac - A)GJt s + AiApG ac ) 
= f § + \G ab (A)F? k + A b F« k ) - \A\A h 3 d k G ah 
r?. = |{(V^ + V,^) + ^AjA^Gfc + G afe (^G 6c + - A a k G cb {A)F^ k + AjF/*)} 

(75) 

The (|75|) expressions must be compared with ( |18D to realize the advantages. 
Now I would like to make explicit the relation between a generic connection V and its 
reduced version 7 : 

V = "P 

lab ab 







~c _ rc 1 pi 4c 
7ab _ 1 ab ' 1 ab^i 






v — r- 7 - V j A b 

lai at x ab i 






~j _ pi _ pi 4b 

/ia 1 ia ^ ba i 


lia 


= T b 


~~ ^ca^i + F J i a A b — T{ a A1A b 


y>. 

/ ai 


= T b - 

at 


— V b A c 4- F- 7 /l b — F J 

ac i ~ ai j ac i j 


<yb. 
Iij 


_ pfc 


_ pfc 40 _ pfc 4a 1 pfc Aa Ab 
1 aj^i 1 ia^j + 1 ab^i 



_,a _ pa _ pa 4b _ pa 4b 1 pa 4b 4c _ pfc 46 4a _ pfc 4b 4a 1 pfc 4b 4c 4a 
Iij ~ ij bj^i 1 ib A j + 1 bc^i^j 1 bj^i^k 1 ib^j^k + 1 bc A i A j A k 

-diA? + I* A% (76) 

Paradoxical though it may be seen the task to calculate the reduced Levi-Civita connec- 
tion is shorter than the usual one, because the knowledge of its invariance under the adapted 
diffeomorphismes (|6|) drops out the terms proportiponally to A^ being non derivatives (we 
can call it A = projection). Therefore (|76|) must be understood as ^ p = (T p — <9 M Jy)U=o- 
It is just the need to know T\a=q instead of V itself , which makes easier to get the reduced 
version. 

The usual curvature, torsion and Ricci tensor's expression for a generic connection T p 
are : 



R(T)p 



fiver 



d T p 

T(ry 



- d T p 

u v L /jut 



p/3 pP , p/3 pP 



R(T) 



Ifpp _ p 
= R(T) P 



p ) 



(77) 
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The reduced Riemaniann curvature for the U(l) n is given by 

r abed = i{d t G ac d i Gbd — d l Gb c diG a d) 

r abci = \F?jd J G cd{G 'eaSfr — G e0 S^) 

ruab = KG^diG^Gu + G ac G hd F^ k Ff k - (ij <— > ji)) 

r aibj — |VjVjG a fe — \G° d &iG b d 6 *jG ac — \G a C GbdFf k Fj k 
fakij = — 2^k{G a bF^) + \{F ki djG a b — F kj diG a b) 

r ijki = Ruki + \G ab {FgF^ - Ff k F^ + 2F£ j Fj! l ) (7£ 



where the hatted objects are the ones calculated with the quotient metric Gij, F£ = 
diAj — djA®, and Af = G ab A^. The Riemaniann curvature is obtained using (H) (!)(§), i-e. 
, R =J{-A)r. 

B Apendix :The generalized curvature 

In this section I will write the reduced generalized curvature needed for the fifth section's 
calculations. To do it in a T-duality suitable way means the introduction of the Df® = 
Vf + ^f-di lnG O o)0 T-duality covariant derivative. As in fl35|) A e is the 0's T-duality weight. 



In terms of G 00 and Fjj = 7^° the relevant components are: 



rLj = + G 2 00 Ft k F^} + ^ In G m dj In G 00 

r± ]k = {G m DfFj k + ^(F±dj In Goo - F$d k lnG 00 )} + ^Fj k d % lnG 00 
r%ki = {R%ki + G m {F%F* - F%F±)} + G 00 (^ + 7|)tS 



where R^ ki = R(T±ti)ijki- The other components are related by the symmetry properties 
R%c P = ~R%°p = - R %p<t and R %oc = R pw The terms in brackects are the ones 
transforming with the dominant (— l)^ M+s "^(±Goo) _no , while the remaining terms transform 
with the -(— l)^ +9!/ )(±Goo) _T10 giving the inhomogeneus part --^V^K^V^Kp. 
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